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VERTICAL EXPOSURE IN THE FORM OF DELTA FUNCTIONS
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Abstract: The problem of numerical simulation of longitudinal, transverse and surface waves on the free surface
of an elastic half-plane is considered. The change of the elastic contour stress on the free surface of the half-
plane is given. To solve the two-dimensional unsteady dynamic problem of the mathematical theory of elasticity
with initial and boundary conditions, we use the finite element method in displacements. Using the finite element
method in displacements, a linear problem with initial and boundary conditions resulted in a linear Cauchy prob-
lem. Some information on the numerical simulation of elastic stress waves in an elastic half-plane under concen-
trated wave action in the form of a Delta function is given. The amplitude of the surface Rayleigh waves is sig-
nificantly greater than the amplitudes of longitudinal, transverse and other waves with concentrated vertical ac-
tion in the form of a triangular pulse on the surface of the elastic half-plane. After the surface Rayleigh waves
there is a dynamic process in the form of standing waves.
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MATEMATHYECKOE MOJIEJTUPOBAHME
HECTAIIMOHAPHBIX YIIPYTUX BOJIH HATIPSIOKEHWI TIPU
COCPEJOTOYEHHOM BEPTUKAJILHOM BO3JIEHCTBUU
B BUJIE JEJBTA ®YHKI[UU HA TOBEPXHOCTH
MOJYIUIOCKOCTH (3AJIAYA JIDMEBA)

B.K. Mycaes

Poccuiickuii yausepcuter tpancnopra (MUUT), Mockea, POCCHUA
Mockosckuii nonuTexHuueckuii ynusepeuret, Mockea, POCCUA
MHHrs4eBUPCKHI rocyaapcTBeHHBIH yHIBEpCuTeT, Munrsucenp, ASEPBAUJIDKAH

Annoranus: PaccmaTpuBaercs 3a4aua O YHCICHHOM MOJEIHPOBAHHH MPOMIONBHBIX, MOMEPEYHBIX W MOBEPX-
HOCTHBIX BOJIH Ha CBOOOIHOIH MOBEPXHOCTH yNpyroi momymaockocTu. IIpUBOIUTCSA H3MEHEHHE YMPYTOTro KOH-
TYPHOrO HATPSAKCHHUS HA CBODOAHOMH MOBCPXHOCTH MONYNIOCKOCTH. s pemcHuA I[BYMCPHOI:T HCCTAUHOHAP-
HOH AHHAMHYCCKOH 3a7a4d MATCMATHYCCKOH TCOPHH YNMPYTOCTH C HAYaNbHBIMH H FPAHHYHBIMH YCIOBHSIMH
HCMOJIB3YEM METOJ KOHEYHBIX 3JIEMEHTOB B nepememnieHusx. C MOMOIIBIO METOJA KOHEUHBIX 3]IEMEHTOB B Me-
PEMEILICHMIX, THHEHHYIO 3a1a9y C HAYaIbHBIMH M TPAaHHYHBIMH YCIOBHAMH NPHBEIM K IHHEHHOMH 3amade Ko-
m, ITpuBoauTes HeKOTOPas HH(OPMALMA O YMCICHHOM MOJICTHPOBAHMH YNPYTUX BOJIH HANPSKEHUH B ynpy-
roii MOJYMIOCKOCTH MPH COCPEAOTOYCHHOM BOJHOBOM BO3ACHCTBMM B BHIC ACAbTA (DYHKLMH. AMIIMTYAA MO-
BCPXHOCTHBIX BOMH Penest CcymecTBeHHO OOMbIIE aMIITHTYA NPOAOIBHBIX, MONCPEHHBIX U APYTHX BOJH MPH CO-
CPEIOTOYEHHOM BEPTHKAIBHOM BO3ACHCTBHH B BHAE TPEYTOIbHOTO MMIY/IbCd HA MOBEPXHOCTH YNPYroi moiy-
nnockoctH. ITocne noBepXHOCTHBIX BOTH Penest HabmomaeTest AMHAMMYECKHUI MTPOLIECC B BUAC CTOAYMX BOJH.
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KutioueBnie ¢j10Ba: BOJIHBI HATIPSUKEHHH, HECTALMOHAPHBIH NMPOLECC, BEIMUCIHTEIbHAS MEXAHHKA,
COCPEa0TOYCHHOE BO3ACHCTBHE, ACnbTa (DyHKLUUA, nepeaHuii (JPOHT BOZMYLUCHHS, 3aAHHUIH (DPOHT BO3MYILECHHS,
HAMpaBJICHHE BOTHOBOTO BO3ACHCTBHA, NPOAO/bHAS BOMHA, MONEPEYHASL BOJIHA, CBOOOIHAA TIOBEPXHOCTH,
BosiHa Penest, MOBEPXHOCTHAA BOJHA, 3aaa4a JI3mba, ynpyras noaynaocKoCTh,

HAMPSIKEHHsS HA CBOOOHOM MOBEPXHOCTH

1. STATEMENT OF THE PROBLEM
ABOUT NON-STATIONARY WAVE
INFLUENCES

Waves of stresses of different nature, spreading,
in the deformable body interact with each other,
this leads to the formation of new perturbation
regions, redistribution of stresses and strains.
After three or four times the passage and reflec-
tion of stress waves in the body the process of
propagation of disturbances becomes estab-
lished, stresses and strains are averaged, the
body is in oscillatory motion.

The formulation of dynamic problems of solid
mechanics is given in the following works [1-5].
Application of the considered numerical meth-
od, algorithm and complex of programs in ex-
treme problems of mechanics of deformable
bodies is given in the works [6-30].

The estimation of reliability and accuracy of the
considered numerical method, algorithm and
complex of programs is given in the following
works [6-12, 16-29].
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Figure 1. Some body I in a rectangular
cartesian coordinate system XOY .

To solve the problem the modeling of transient
elastic stress waves in deformable areas of the
complex form consider some body / in a rec-
tangular Cartesian coordinate system XOY
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(Figure 1), which at the initial time 7 =0 report-
ed mechanical non-stationary impulsive effects.

Suggest, the body I made of homogeneous
isotropic material, obeying Hooke's elastic law
at small elastic deformations.

Exact two-dimensional equations (flat stress
state) the dynamic theory of elasticity have the
form

oo, O, 0%
00 Iy s { ,
D G 4 o2
STL’X 80,,, 821; r

Oy = p(’f,sx p(('f, -2(.’;Z )€y,
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where: o, oy and 7,,, — components of elas-

tic stress tensor; &, &, " )y, — components of

elastic strain tensor; # and v — the compo-
nents of the vector of elastic displacements
along the axes OX and OY respectively; p —

material density;

C,= /75
P\ p1-v?)

— the speed of longitudinal elastic waves;

£
C = \2p1v)
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— the speed of the transverse elastic waves; v —
Poisson ratio; E — elastic modulus;
S (51 US, ) - body boundary contour / .

System (1) in the area occupied by the body I ,
it should be integrated under initial and bounda-
ry conditions.

2. DEVELOPMENT
OF METHODOLOGY
AND ALGORITHM

To solve the two-dimensional plane dynamic
problem of elasticity theory with initial and
boundary conditions (1) we use the finite ele-
ment method in displacements.

The problem is solved by a method of through
computation, without allocation of breaks.

The main relations of the finite element method
are obtained using the principle of possible dis-
placements.

Taking into account the definition of the stiff-
ness matrix, the inertia vector and the external
force vector for the body 7/, we write the ap-
proximate value of the equation of motion in the
theory of elasticity

Hd+Kb=R,

QZ:O:éO’ ¢t=02¢0’ (2)

roe: H - diagonal inertia matrix; K - stiffness

matrix; @ - vector of nodal elastic displace-

ments; @ - vector of nodal elastic velocities of

displacements; @ - the vector of elastic nodal

accelerations; R - vector of external nodal elas-
tic forces.

Relation (2) a system of linear ordinary differ-
ential equations of the second order in dis-
placements with initial conditions.

Thus, using the finite element method in dis-
placements, linear problem with initial and
boundary conditions (1) led to the linear Cauchy
problem (2).
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Figure 2. Contour finite element with two nodal
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We determine the elastic contour stress at the
boundary of the area free from loads.

By degenerating a rectangular finite element
with four nodal points, we obtain a contour fi-
nite element with two nodal points (Figure 2).
When axis is rotated x by an angle a counter-
clockwise, we obtain an elastic contour stress
g; at the center of gravity of a contour finite

element with two nodal points

o Z(E/(Za(l-v2 I((uy -uy )coso+
+(vi-vy )sina). (3)

To integrate the equation (2) with the finite el-
ement version of the Galerkin method, we give
it to the following form

—d : —- . d -
H—®+K®=R, == 4
dt S dt @
Integrating the time coordinate ratio (4) using
the finite element version of the Galerkin meth-
od, we obtain a two-dimensional explicit two-
layer finite element linear scheme in displace-
ments for internal and boundary nodal points

D) = D; + At Dy . (5)

The main relations of the finite element method
in displacements are obtained using the princi-
ple of possible displacements and the finite ele-
ment version of the Galerkin method.

The General theory of numerical equations of
mathematical physics requires the imposition of
certain conditions on the ratio of steps in the
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time coordinate A/ and on spatial coordinates,
namely

min Al;
At=k (i=1 2, 3.0 19

Cp

where: 4/ — the length of the end element side.
The results of the numerical experiment showed
that at k = 0,5 the stability of a two-dimensional
explicit two-layer finite element linear scheme
in displacements for internal and boundary nod-
al points on quasi-regular grids is ensured.

For the study area consisting of materials with
different physical properties, the minimum step
in the time coordinate (6) is selected.

On the basis of the finite element method in dis-
placements the technique is developed, the algo-
rithm is developed and compiled a set of pro-
grams to solve two-dimensional wave problems
of dynamic elasticity theory.

DETERMINATION OF UNSTEADY
WAVE STRESSES IN AN ELASTIC HALF-
PLANE

Consider the problem of the action of a concen-
trated wave in the form of Delta functions (fig.
4) perpendicular to the free surface of the elastic
half-plane (Figure 3).

Calculations were carried out in the following
units: kilogram-force (kgf); centimeter (cm);
second (s). The following assumptions were
made for conversion to other units: 1 kgf/cm? =
0,1 MPa.

At the point B perpendicular to the free surface
ABC elastic normal stress is applied oy (fig.

3), which, when 0 <n <11 (n=t/A4t) changes
linearly against O wuntil P, and when
11 =n =21 against P until 0 (P=0j, 0y =
-0,1 MPa (-1 kgf/cm?)).

Boundary conditions for the contour CDEA by
>0 u=v=u=v=0. Reflected waves from
the circuit CDEA do not reach to the point
when 0 =n =500 .

114

Vyacheslav K. Musayev

10,5H
ol B 'A2 A4 A6 AB AlD A
—~

| (A1 A3 A5 A7 A9

2000H

Nujamm)il

| E

[

l 6000H

Figure 3. Formulation of the problem
of the effect of a concentrated wave in the form
of Delta functions on the free surface
of the elastic half-plane.
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Figure 4. Impact in the form of Delta function.

Circuit ABC free from loads, besides the point
B, where concentrated elastic normal stress is
applied 7 ,.

The calculations are carried out with the follow-
ing initial data: H =Ax=Ay; 4t =1,393-10F s;
E=3,15-10 * MPa (3,15-10 ° kgf/cm?); v=0,2;
p= 0255-10* kg/m® (0,255-10° kgf-s*/cm?);
Cp: 3587 m/s; C;=2269 m/s.
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Figure 5. Change of elastic contour stress &y,
in time t/ At at the point Al.
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Figure 6. Change of elastic contour stress Gy,
in time t/ At at the point A2.
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Figure 7. Change of elastic contour stress &y,
in time t/ At at the point A3.
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Figure 8. Change of elastic contour stress Gy,
in timet/ At at the point A4.
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Figure 9. Change of elastic contour stress Gy,
in time 1/ At at the point AS.
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Figure 10. Change of elastic contour stress Gy,
in time t/ At at the point A6.
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Figure 11. Change of elastic contour stress Gy,
in time t/ At at the point A7 .
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Figure 12. Change of elastic contour stress Gy,
in time 1/ At at the point AS.
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Figure 13. Change of elastic contour stress oy,
in time t/ At at the point A9 .
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Figure 14. Change of elastic contour siress Gy,
in time t/ At at the point Al0.

The studied computational domain has
12008001 nodal point. The system of equations
is solved from 48032004 unknown.

Upon fig. 5-14 the change of elastic contour
stress 1s shown &, (G, =0y, /|0'0|) in time » in

points Al-A10 (fig. 3), on the free surface of
the elastic half-plane (distance between points:
Al and A2 equally H; A2 and A3 equally
H; A3 and A4 equally H; A4 and A5 equal-
ly H; A5 and A6 equally H; 46 and A7
equally H; A7 and A8 equally H; A8 and
A9 equally H ; A9 and A10 equally H ).

SUMMARY

1. On the basis of the finite element method
the technique is developed, algorithm and
software for solving linear two-dimensional
plane problems, which allow you to solve
complex problems in case of unsteady wave
effects on complex objects. The main rela-
tions of the finite element method are ob-
tained using the principle of possible dis-
placements. The elasticity matrix is ex-
pressed in terms of longitudinal wave veloc-
ity, transverse wave velocity, and density.

2. Linear dynamic problem with initial and
boundary conditions in the form of partial
differential equations, to solve problems
under wave influences, with the help of the
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finite element method in displacements is
reduced to a system of linear ordinary dif-
ferential equations with initial conditions,
which is solved by an explicit two-layer
scheme.

The problem of mathematical modeling of
unsteady elastic stress waves with concen-
trated vertical action in the form of a Delta
function on the half-plane surface is solved.
The studied computational domain has
12008001 nodal points. Solve the system of
equations of 48032004 unknown. Tensile
elastic contour stress ; has the following

maximum value & =0,18. Compressive
elastic contour stress ; has the following
maximum value 7 =-0,24.

Amplitude of surface Rayleigh waves sig-
nificantly larger than the amplitudes of the
longitudinal, transverse and other waves
with concentrated vertical action in the
form of a triangular pulse on the surface of
an elastic half-plane.

After Rayleigh surface waves dynamic pro-
cess observed in the form of standing
waves.
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