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Abstract: The distinctive paper is devoted to so-called multigrid (particularly two-grid) method of structural
analysis based on discrete Haar basis (one-dimensional, two-dimensional and three-dimensional problems are
under consideration). Approximations of the mesh functions in discrete Haar bases of zero and first levels are
described (the mesh function is represented as the sum in which one term is its approximation of the first level,
and the second term is so-called complement (up to the initial state) on the grid of the first level). Special projec-
tors are constructed for the spaces of vector functions of the original grid to the space of their approximation on
the first-level grid and its complement (the refinement component) to the initial state. Basic scheme of the two-
grid method is presented. This method allows solution of boundary problems of structural mechanics with the
use of matrix operators of significantly smaller dimension. It should be noted that discrete analogue of the initial
operator equation is a system of linear algebraic equations which is constructed with the use of finite element
method or finite difference method. Block Gauss method can be used for direct solution.

Keywords: structural analysis, wavelet analysis, numerical methods, multigrid methods, two-grid method,
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AnHoranusa: Hacrodiast cTaTes MOCBSIEHA TaK Ha3bIBAEMOMY MHOTOCETOYHOMY (B YaCTHOCTH, JIByXCETOUHO-
My) METOJAY pacyera CTPOMTEIbHBIX KOHCTPYKIMH, OCHOBAaHHOMY Ha HCIIOJb30BaHWHU JMCKPETHOrO Oasuca
Xaapa (paccMaTpuBaroTCsl OJJHOMEPHbIE, IBYMEPHbIE M TpeXMepHbIe 3a1a4n). Onucana anmnpoKCHUMaIMU CEeTOY-
HBIX (DYHKIUI Ha HYJIEBOM M NIEPBOM YPOBHSIX JUCKpeTHOTrO Oaznca Xaapa (ceroyHast pyHKIMs Ipe/ICTaBIseTCs
B BUJIE CYMMBI, B KOTOPOI NIEpBOE cIaraéMoe COOTBETCTBYET aNMpPOKCUMALIMU Ha IEPBOM YPOBHE, a BTOPOE Clla-
raeMoe MPECTaBIAET CO00I TaK HA3bIBAEMYIO JETANN3AIMIO (IOTIOJHEHNE IO NCXOIHOTO COCTOSIHUS) Ha CETKE
nepBoro ypoBHs. CTPOSITCS CIieNHalIbHBIE TPOEKTOPBI MPOCTPAHCTBA BEKTOPHBIX (DYHKIMI Ha MCXOTHOH CTEeke
Ha MPOCTPAHCTBO X ANMPOKCUMALMA Ha CETKE TEPBOTO YPOBHS U ACTATM3ALMIO (IOTOJHEHUE 10 MCXOTHOTO
cocTostHMs). M3moxkeHa oOmas cxema JByXCETOYHOr0 MeToaa. /IaHHBIN METOJ MO3BOJISIET pelaTh KPaeBble 3a-
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Jlaud CTPOUTEIBHON MEXaHUKHU C HMCIIOJIb30BAHHEM COOTBETCTBYIOIIUX MATPUYHBIX ONEPATOPOB CYIIECTBEHHO
MeHblel pasmepHocTH. CaeqyeT OTMETUTh, YTO JUCKPETHBIM aHAJIOTOM HCXOIHOTO ONEPATOPHOrO YPaBHEHUS
SIBJISIETCSI CHCTEMA JIMHEHHBIX anreOpandeckux ypaBHEHUH, (opMupyemas ¢ UCIOJIb30BAaHUEM TEXHHKH METO/a
KOHEYHBIX 2JIEMEHTOB MM METOJAa KOHEUHBIX pa3HOCTEH. /i MpsMOro peleHusl yKa3aHHOW CHCTEMbl MOXKET

HCITOJIb30BaThC OJIOUHBIN MeTox JlaHIora.

Ki1roueBble cji0Ba: pacyeThl CTPOUTENBHBIX KOHCTPYKIIHH, BEHBIICT-aHANN3, YUCICHHBIE METOBI,
MHOT'OCETOYHBIE METO/IbI, IBYXCETOUHBIN METO/, TUCKPETHBIN Oa3zuc Xaapa, peayKIius,
JIOKAJIbHBIN pacyeT KOHCTPYKLUH, annpoKCUMalus, Kpaesas 3ajada

1. ONE-DIMENSIONAL PROBLEMS

1.1. About alternative discrete basis.
Let us consider the following functions:
— father wavelet (Figure 1),

I, 0<x<l
q)(x)_{O,x<0vx21; (1.1)
1
0.
0.
0.7
0.5
04
04
0.3
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Figure 1. Father wavelet.
— the first mother wavelet (Figure 2),
I, 0<x<1/3
Y (x)=< -1, 2/3<x<1 (1.2)

0, x<O0v1/3<x<2/3vx2>l

— the second mother wavelet (Figure 3) i.e. vari-
ant of French Hat,

-1, 0<x<1/3v2/3<xx<l
2, 1/3<x<2/3
0, x<0Ovx2=>1;

P (x) = (1.3)

b5 025 0 02 05 0715 1 125 15
Figure 2. The first Mother wavelet.
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05

15 0 05 1 15
Figure 3. The second Mother wavelet.

Matrix of transition from one level to the next level
has the same structure as in the Haar basis [1-25]

Q
Q

where for the Haar basis we have
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|1 1
o-Zh
and for considering basis we have

1 1 —1]1/3
o=[1 0 2
1 -1 -1

1/2 (1.4

1/6

Let us denote a family of discrete functions:

{Wf}a f:l,2,..., Np’ p:ll)n_’]\4j

where M is the number of levels; N =3" is
space dimension,

I<p<M: 1/7]?’ :[1/_/1!;, ?/5,/']’ (1.5)
. i—0.5 .

lr//fj(l):al’plP1(3—p—(]—l)J; (16)
. i—0.5 .

v () =a,, ¥, L3—,,—(J —1)J; (17

— —M —M —
p=M: "=y, v, &'1; (1.8)
. i—0.5

8" (i) = aM<I>(3—MJ; (1.9)

N,=N/3" is the number of y, and y;, at

level number p ;

1 1 1
a,=——; o ,=—7—; a,

P \/2_,,’

are normalizing factors.
Because 1/3 has no finite exact value, the ex-
pression

7 Ve

(1.10)

i—0.5
3”

is used to evaluate correctly instead of
i—1
3r
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The set {7/} presented in this way is a basis in

the N -dimensional vector space. Moreover, this
basis will be orthonormal.
Let's consider a given vector

ue RN , U= {”i}lgigN .

We present its decomposition in the Haar basis

p=l

M N, . o _
=y LZ(V;’le’ +wfty2fJ+ulM¢lM , (1.11)
Jj=1
where we have

ve=(y, L ) W=y, i)
w' =(¢", w), j=12,..N,, p=1..M.
(1.12)

1.2. Determination of averaging coefficients.
Let us consider an example of a grid partition
for N=9=3%,i.e. M =2. Then the location of
nodes by levels can be represented as shown in
Figure 4. The formation of the decomposition
coefficients at the first level is carried out ac-
cording to the following formulas:

k=1,2,3

o =%(u§’k_2 Uy, Fuy) = \/gﬁko; (1.13)

—o 1
“1? = g(u;)k—z +”§k71 +”§)k); (1.14)
1y 0y _
v = —= Uy, —uz;)
\/15 ; 20 (1.15)
=——=2h=4 2 = DD,
NG A o )3k

1 0 0 0
W, =—=(—Uy_, +2Usy,  — Uy )=
k \/g 3k-2 3k-1 3k)

0 0 0
1 e Usp o =2y Uy, )=

J6 n

(1.16)

85



Marina L. Mozgaleva, Pavel A. Akimov, Taymuraz B. Kaytukov
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Figure 4. About determination of averaging coefficients.
The formation of the decomposition coefficients The following dependencies can be noted
at the second level is carried out according to
the following formulas: 1
g (DOuO)Sk—l = __Vll(
J2h
i 76 (1.21)
2 1 1 Iy .
U =g b+ ) (1.17) D)y == 5 Wi
1 1 uy —u, J2
2 1 1 3 1 ~
v, =—= U, —u;)=———=06h = D% =— 2
P p T NG 6h (Dot ™), \/§~6hV1
B omo_g A (1.18) N (1.22)
= ents M N2 Gp(Dir),; (D), =22,

J2 6h V2

1
wl1 :ﬁ(—uf +2u; —u;):

1 1 1
1 ) Uy —2u, +u,

= 3k =
B e (1.19)

:_g(%)z 510—2520”730): '
V6 (3h)°

__GM prgoy

V2

For averaging (reduction) we assume

(D0u0)3k—1 = (Doﬁo )25
(D), = (DY), k=1,2,3. (120)

(3
and then we have

1
Vi

_ 1 V2

- ="

3Vf k=12,3. (1.23)
_ 2

REEN

1.3. The final formulas.

Let the initial one-dimensional domain be given
as interval with length L. We can use simple
mesh (grid) for approximation of domain and
divide interval (the initial domain) into (N -—1)
equal parts. We can represent the mesh vector
function # =[u, ... u,]" in the form

I
Wi
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Ny
L_I=z 0(DO

(1.24)
j=1
where we have
N,=N=3"; (1.25)
ul=u,, 1<j<N; (1.26)
i=j
(i) = { 0 i) (1.27)

— j -th vector of unit basis of level 0,

At the same time, this grid function can be rep-
resented in the basis of the first level as

N,
1,7:2 Koy +Z;v ‘P1,+Zw Wi, (1.28)
J

Jj=1

where we have

N, =N/3;
ul =@, ®); V=@, Y1),
wh =@, %,), 1<j<N,, (1.29)
a' =uy..uy 1, V=T,
wh=[w ... wy 1", (1.30)
O =a(D], ,+ Dy, +DJ)) (1.31)

is the j-th approximation vector of discrete
wavelet basis of the first level, 1< j < N;

—1 P P
Vi, =a, (D5, , —D5) (1.32)

is the j-th refinement vector of discrete wavelet
basis of the first level, 1< j < N, ;

Yo, =, (— @), ,+20;, , -®]) (1.33)
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is the j -th refinement vector of discrete wavelet
basis of the first level, 1< j < N,;

a=1/3
a1=1/\/§
azzl/\/g

(1.34)

are normalizing factors.

Based on the representation of (1.28), the mesh
function is represented as a sum, where the first
term is its approximation on the mesh (grid) of
the first level, consisting of N, nodes, and the
second and third terms are called refinement
(addition to the initial state) on the mesh (grid)
of the first level.

The representation (1.28) can be written as

u=u+v +w;
Zu

= zy‘ﬁl,‘, =W, W a="v"; (137)

=

(1.35)

=0 ®/u=0u'; (1.36)

N, — B B
= E W;\{IZ,]' =Y, 2T,1“ :‘Pz)lwl, (1.38)
—

where we have

®, =[®! .. D I; (139)
W, =[P .. Pinl; (1.40)
W, =[War ... Vo] (1.41)

matrices of size N xN,, the columns of which

are respectively approximation and refinement
vectors of the discrete basis of the first level.
Due to the orthonormality of the Haar basis [ 1-
7,9-25], the operators

P(D:CDICDIT’ P _\P \PlTlﬁ P\P,ZZLPZ,llPZJ:l

(1.42)
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are projectors of the space of vector functions of
the original mesh (grid) to the space of their ap-
proximation on the first-level grid and its com-
plement (the refining component) to the initial
state, respectively.

spectively.

1.4. Basic scheme of the two-grid method.
Let systems of linear algebraic equations

Aui = f (1.43)

are discrete analogs of some operator equation
defined on a given interval of order N .

We can substitute in (1.43) the expression for u
in the form (1.35). Then we can multiply, in
turn, both sides of the equality on the left by the

matrices @ and P/, ¥, . Thus we have

O AD u' + DAY, V' +
+ O AY, W' =] f
P AD u' + W AV, v +

B - (1.44)
+W¥/ AY, w' = f
W ADu +P) A, v+
+W¥, AY, w' =¥, f;
or
A+ 4,0 +A4,,w' =1,
Ay '+ 4, 0+ A, 5w = (1.45)
Ayt + A, 0+ AW =1
where we have
A, =OAD; A4,=D AY,; (1.46)

A, =0T AY,; A4, =P AD,; (1.47)
A, =YAY,; A, =Y AY,,; (148)
A, =V AD,; A, =Y AY,; (1.49)

A, =] AV, (1.50)

are block matrices of size N, x N,.

fu :q)lT/}; fv:\PIZJ_(; fwzlsz,lf (L.51)

are right-side vectors of length N, .

We can find the solution of the system (1.45)
using the block Gaussian method.

The expanded block matrix has the form:

Al,l AI,Z Al 3 ]24
A2,1 Az,z Az 3 fv (1 -52)
A3,1 As,z A3 3 fw

We have the following result of forward algo-
rithm:
— the first step

All A]2 A13 ~fu
0 A, A,|f'], (1.53)
0 A, Ayl /s

where we have

Aé,z =4,,-C,4,,; Aé,3 =4,,-C,,4,5;
(1.54)
fvl =/, _Cz,lfu; C2,1 = A2,1A1:11; (1.55)
A=A, -C A, Ay =4,-C A

(1.56)
fwl = fw _C3,1fu > C3,1 = A3,1A1_,11- (1.57)
— the second step
A1,1 Al,z A1,3 ]__(;,4
0 4, 4| f | (1.58)
0 0 4,1
where we have
A32,3 = A;,s - C3,2A22,3 ; (1.59)

]}Wz :jwl _C3,2/}v1> Cs,z :Ai,z(Aé,z)_l- (1.60)

We have the following result of backward algo-
rithm
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'

L

Figure 5. To the formulation of the boundary problem.
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Figure 6. Discrete approximation of the domain.

W= (A32,3)_1J}w2v
V= (A, (- AL
' = Al_,ll (/. — Al,z‘_’l - Al,swl)-

(1.61)

In accordance with formulas (1.35)-(1.38) solu-
tion of the considering problem (1.43) has the
form

u=0u +¥ v +¥,w. (1.62)
It should be noted that the proposed method

makes it possible to obtain a solution with the
use of matrices of size N, = N/3 and vectors of

size N, =N/3.

1.5. Numerical sample.

Let us consider (as a model example) the nu-
merical solution of the boundary problem of the
bending of a beam on an elastic foundation with
the following parameters: L =8 m is the length
of the beam; #=1.3 m is the height of the cross
section of the beam; »/=1 m is the width of the
cross section of the beam; E = 2560-10* kN/m?
is the modulus of elasticity; P =100 kN is the
load set at the middle point, P, =100/Ay,

k =75-10° kN/m? is the coefficient characteriz-
ing the resistance of the foundation in the model
of Winkler; k =k-b, J =bh’/12 (Figure 5).
The definition of the deflection of the Bernoulli
beam is reduced to the solution of the following
boundary problem:

Volume 14, Issue 3, 2018

YW +4a’y(x)=F(x), 0<x<L; (1.63)
{y(O) = y';(O) =0 (1.64)
»(L)=y"(L)=0,

where we have

k

4ot = —;
EJ

P L

Let us divide the interval (0, L) into equal parts
with step (Figure 6).

If n is the total number of points, it is obvious
that

h,=Lin-1). (1.66)

Next, we move from the solution of the bounda-
ry problem (1.63)-(1.64) to the solution of the
following system of difference equations:

i=1: y =f
i=2: =2y, +(S+4hja’)y, -4y, +y, =1,
2<i<n—1: y,_, -4y, +(6+4ha’)y, —

_4yi+1 +yi+2 :]ri
i=7’l—12 yn73 _4yn72 +(5+4h:a4)yn71 -
_2yn :fn—l

i:n: yn =fn9
(1.67)

where we have
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Figure 7. Comparison of resullts.

X =h,G-D; y,=yx); (1.68)
0, i=1

f,=3 h[F(x)/h], 2<i<n—1 (1.69)
0, i=n.

In accordance with the results of analysis com-
parative graphs of deflections were obtained.
Direct solution of the system (1.67) and solution
defined by the formula (1.62) are presented at
Figure 7. It should be noted that full match re-
sults obtained.

2. TWO-DIMENSIONAL PROBLEMS

2.1. General information.

Let the initial two-dimensional domain be given
as a rectangle [8]. Let L, and L, be lengths of
sides of this rectangle in directions correspond-
ing to Cartesian coordinates x, and x,. We can
use simple rectangular mesh (grid) for approxi-
mation of domain and divide each side of the

90

rectangle (the initial domain) into (N —1) equal
parts. The corresponding mesh (grid) width are
defined by formulas

ho=L/IN-1); h, =L N-1). 2.1)

Thus, the resulting mesh contains N nodes.
Let us introduce the mesh function

U=[u, ..uy ..y, gyl (22)
We can represent the mesh function (1.2) in the
form

Ny N
— 0 =0
u= Zzujz,]]@jzd'l >

(2.3)
J2=1j=1
where we have
Ny=N; (2.4)
?2’/1 =Uj o 1Sj1»j2 <N (2.5)

International Journal for Computational Civil and Structural Engineering
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0, =(i, = j, Ay = J5)

1</, jy<N,=N, 1<i,,i, <N,

(i,,i,) = {1’ h=hnh=J
/2J1 ’ 1 / 1 1

(2.6)

0
where @ i

or a discrete zero-level Haar basis

The mesh function (2) can also be represented
in the form of an expansion in the Haar basis of
the first level:

is (J,,/,)-th vector of a unit basis

l Nl Nl Nl
u —ZZ”/Z i o +ZZV1 Josdi 1/z 7
Jz 1]1 Ja 1]1 (2 7)
+ZZV2M 2J2J|+zzv3h]1 3,250
J2=1j=1 J2=1j=1
where we have
N, =N/2; (2.8)
_ 1 . 1 sl
Jz Ji (u CD/z Jl) Vl»jz’] (u lPl 2J2s1 ) (2'9)
_ (7 ! S | _ (= Wl .
Vz,jz,jl =@,y ;)5 vay,, =@, )5 (2.10)
—1 11 1 1 1 T,
u =[uyy gy ety ety 15 (2.11)
—1 _r.1 1 1 1 7 _ .
Ve =Vern - Vian, oo Ve il » K=1,2,3;
(2.12)
=1 =0
D) =@+ DYy, t 2.13)
0 0 °
+ @y 050 T DPy05)

— (J,,J;)- th approximating vector of the dis-
crete Haar basis of the first level, 1< j,, j, < N,;

1 0
Ljasih - (CDZJ -1,2;-1 CD2j2—l,2j] (2 14)
0 _0 ‘
+ Do 5~ Do)

— (L, /,, j,) - th refining vector of the discrete
Haar basis of the first level,

0 —_—
2j2=1.2j

— _
¥y, =@, + @

0 MO )
2j5.2j,-1 2)5.2j1 7

(2.15)

- (2,j,,J,)-th refining vector of the discrete
Haar basis of the first level,

Volume 14, Issue 3, 2018

Sl _ -~ _
\Ps o a(q)zh—] 2j,-1 2j,-1,2),

~®) . +D) )

22,21 2/5.2);

(2.16)

— (3, j,,J,) - th refining vector of the discrete
Haar basis of the first level,
1</,,j,<N;; (2.17)
o =1/2 is normalizing factor.
In accordance with (2.7), the mesh function # is
represented as a sum in which the first sum-
mand (the first sum) is its approximation on the
grid of the first level including N; nodes, and
other three terms are called the refinement (the
complement to the initial state) on the grid the
first level. The representation (2.7) can be writ-
ten in the form

—  —0 ,—=0 , =0 , —0 .
u=u, +v, +v, +v;; (2.18)

ZZ”/; Ji 7~ Jasd - (D CD

=®i'; (2.19)

2= 1/1
Py = szllc,jz,j, gg,/z,fl =W P =Y,
Ja=1ji=1
k=1,2,3, (2.20)
where we have
D, :[61 ]N > CD}IV g 6ilvl,Nl I, 221
\Pk,l = [‘Pkl,n \PkllN \Pkl NI \Pkl,zvl,zvl 1,

k=123 (222

are matrices of size N°x N, , whose columns
are, respectively, approximating and detailing
vectors of the discrete Haar basis of the first
level.

Due to the orthonormality of the Haar basis [1-
7,9-25], the operators

P,=®,®, P, =%, ¥, k=123 (2.23)

are projectors of the space of vector functions of
the original grid to the space of their approxima-
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tion on the first-level grid and its complement
(the refining component) to the initial state, re-
spectively.

2.2. Basic scheme of the two-grid method.
Let systems of linear algebraic equations

dii = | (2.24)

are discrete analogs of some operator equation
defined on a given rectangular prism of order
N>,

We can substitute in (2.24) the expression for u
in the form (2.18). Then we can multiply, in
turn, both sides of the equality on the left by the

matrices (Df and ‘P,Zl, k=12,3. Thus we

have

O AD L71+Z<D AY, v, =D f

\PllAcD L_’l +Z\P11A\Pk1 Vi = 1T1]_{
e (2.25)
Y AD ' +Z‘I’21A‘Pk1 v =V f

k 1

\IISIA(I) i' +Z\P31A\Pk1 Vi —‘Puf

Equations (2.25) can be rewritten in the form

Ma
I|

i=1,..4. (2.26)

. . 2 2
where 4, ; are block matrices of size Ny X N;;

. _ , 5
f; and w, are block vectors of size Ny,

A1,1 = CDITA(I)l; 40 :(DITA\Pk,lﬂ
Ay =V, AP, k=123; (2.27)
Ay =V AY ., k,p=123; (2.28)
=@ f, fi.=Y 1, k=1..7; (2.29)
wo=u', w,=v, k=1.,7. (2.30)

We can find the solution of the system (2.26)
using the block Gaussian method.
The expanded block matrix has the form:

4y, Al,z A1,3 A1,4 ]_[1
Az,l Az,z Az,s A2,4 ]_rz .31
4; A3,2 A3,3 A3,4 {3
A4,1 A4,2 A4,3 A4,4 Ja

We have the following result of forward algo-
rithm:

Al,l Al,z A1,3 A1,4 ]_{1
O A;,Z A;,S A;A _21 (2 32)
0 0 Ay, 45, | ]
0 0 0 A:4 ]743
where we have
k k—1 k-1
A,.’j=A,.,j -C, Akj, k=1,..,4,
i=k+1,..,4, j=k+1,..4; (2.33)
fr=f=C, 1, k=14,
i=k+1,..,4; (2.34)
C,=A5" 45D, k=1..3,
i=k+1,..,4. (2.35)

We have the following result of backward algo-
rithm

=(43) " 11 (2.36)
W, =(Af,l-1)1Lfi” — ZA;]W/.J, i=3,2,1.(2.37)
J=i+l

In accordance with formulas (2.18)-(2.20) solu-
tion of the considering problem (2.24) has the
form

]
— =0 —0
RO

_7 7

Z :q)l"_vl +Z\Pk,lwk+l'

k=1

(2.38)
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Figure 8. To the formulation of the boundary problem.
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Figure 9. Solution of the boundary problem: a) solution of problem in initial formulation;
b) solution with the use of two-grid method.

It should be noted that the proposed method
makes it possible to obtain a solution with the

use of matrices of size N x N, and vectors of
size N) (N =(N/2)%).

3.3. Numerical samples.

Let us consider (as an example) the definition of
bending a rectangular plate, hinged on the edg-
es, loaded in the center by the concentrated
force (Figure 8).

Design scheme of a rectangular plate is shown
on Figure 8: L, =L, =140 mm are dimensions
of plate; #=20 cm is thickness of plate;
E=3-10 kN/cm? is modulus of elasticity of
the material of plate; v =0.16 is Poisson's ratio
of the material of plate; P =100 kN is parame-
ter of concentrated load.

We can use finite difference method for numeri-
cal solution of the considering problem. Thus,

Volume 14, Issue 3, 2018

we can get resultant system of equations with
respect to the nodal deflections,

AU =1, (2.39)

where A is matrix of coefficients; f is load

vector; U is vector of unknown nodal deflec-
tions having the following structure
U=[U, ..

Uy o Uy, Uy 105 (2.40)

U, =u(x,;,x,;) is the deflection in the node

@, )), i,j=1,..,N.

In accordance with the results of analysis graphs
of deflections were obtained. Direct solution of
the system (2.39) and solution defined by the
formula (2.38) are presented at Figure 9.
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Let us consider (as an example) the static analy-
sis of a trapezoidal beam-wall (Figure 10).

P
X1 l

X2

.l.lf f};

Figure 10. Design scheme.

Design scheme of a trapezoidal beams-wall is
shown on Figure 10: height is equal to 140 cm;
width at base is equal to 140 cm and at the top
of the structure is equal to 70 cm; E=3-10
kN/cm? is the modulus of elasticity of the mate-
rial of structure; v =0.16 is Poisson's ratio of
elasticity of the material of structure; P =100
kN is parameter of concentrated load. Besides,
we have fastening at the bottom corner points in
both directions.

We can use finite element method for numerical
solution of the considering problem. Thus, we
can get resultant system of equations with re-
spect to the nodal displacements (u, and u,),

KU =R, (2.41)

where K is global stiffness matrix; R is global
load vector; U is vector of unknown nodal dis-
placements having the following structure,
17:[ﬁli...qu...uf,,l...uf,,N]T;
— ul(xl,j7x2,i)
u,; =
; U, (xl,j’xz,i)

are displacements u, and u, in the node (i, j),
i,j=1,...,N.

(2.42)

(2.43)

Let us denote F,, as the matrix operator of such
a permutation, i.e.

V=BU or U=PV. (244

As a result, the resolving system (13) is con-
verted to the form

(2.45)

R =B,R. (2.46)

Besides, we use the following block matrices in
formulas (2.26)-(2.38):

¥ 0
b _ k.1 —
¥, _L 0 \PMJ, k=123. (2.48)

In accordance with the second equation of the
formula (2.44), the solution of the initial prob-
lem (2.41) has the form:

3
U=PL(®)w + > ¥iw.). (249
k=1

In accordance with the results of analysis graphs
of displacements were obtained. Direct solution
of the system (2.41) and solution defined by the
formula (2.49) are presented at Figures 11-12.

3. THREE-DIMENSIONAL PROBLEMS

3.1. General information.

Let the initial three-dimensional domain be giv-
en as a rectangular prism [1]. Let L, L, and L,
be lengths of sides of this prism in directions
corresponding to Cartesian coordinates x,, x,

and x, .
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CONTOURF: function U1 x 10%
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Figure 11. Solution of the boundary problem (displacements u, (a) and u, (b)) in initial formulation.
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Figure 12. Solution of the boundary problem (displacements u, (a) and u, (b))
with the use of two-grid method.

We can use simple rectangular mesh (grid) for
approximation of domain and divide each side
of the rectangular prism (the initial domain) into
(N-1) equal parts. The corresponding mesh

(grid) width are defined by formulas

=L, /(N -1); h, =1L, (N =1);
h=LAN-1). 3.1)

Thus, the resulting mesh contains N° nodes.
Let us introduce the mesh function

7
. ”N,N,N] .

(3.2)

u=[u,, Uy Uy N1

Volume 14, Issue 3, 2018

We can represent the mesh function (1.2) in the
form

No No Ny

— 0o =0
u= Z Z Zujz )3 q)jz Jisds 2

J3=l jx=1ji=1

(3.3)

where @) ;. (i,i,5;) s the (/,,/,,/5)-th

vector of a unit basis or a discrete zero-level
Haar basis
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D L (ydiy) =

L Gy = )G = )Gy = j3)

0, G, = iU = )G = 4y,
1<j,,/1,J3 <Ny, =N; 1<i,,i,,i; <N, =N;

3.4
u?zvjl,h :ujz,j],j39 1Sj17j2’j3 SN; (35)
N() :N- (36)

The mesh function (3.2) can also be represented
in the form of an expansion in the Haar basis [1-
7,9-25] of the first level:

N NN
— 1 =1
B=3 2>, P+
J3=ljp=1j=1
7N NN
1 sl
+ Z Z szk’jz JisJ3 leksjz 1532

k=1 j3=1 j,=1j=1

(3.7)

1
where @

vector of the discrete Haar basis of the first level,

is (J,,Ji,J;)-th approximating

=1 ) =0
q)fza.il gy a(®2.j2_1:2j]_1:2.j3_1 + ®2_j2—1,2_j1,2_i3—1 +
10 0
FPos2j2j1 F P00 F (3.8)
+0° 4@ '
2j,-1,25,-1,2j5 2j,-1,2/1,2)3
0 0 .
Dy 2j2 T P02, )5

sl
k. jasJis J3
the discrete Haar basis of the first level,

— (k, j,, J,»J;)-th refining vector of

b = (P o0y~ oy 0
+ ?3/2’2‘/1*1,2.1'3*1 - ?§j2,2j1,2j3—1 +
+?§/z—1,211—1,213 __(ngz—l,zjl,zjg +
+ q)gj2,2j1—1,2j3 - (D3j2,2j1,2j3 );
3.9)
\le,_/z,_/l,j3 = a(q)gjzfl,Zjlfl,Z@fl + q)gjfl,zjl,zjrl -
- ?gjz,z_/l—l,z_/rl - q_)g/z,zjulirl +
+ q)§j2—1,2j|—1,2j3 + q)§j2—1,2j|,2j3 -
=@y s~ o)
(3.10)

sl _ 0 0

3 jandisds a(CDij—l,zjl—l,zj}—l ®212*1:2.f1:2.f3*1
=N 0
q)2j2,2j171,2j371 + ®2j2,2j1,2j371 +
0 0

+ D@y 122 ~ Poj2j0) T

o IO

T 2).25-1,2 )5 22.2)1,2j3
3.11)
Y, o =a(®) ., +®) 4
4,725 01503 2j,-1,27,-1,2 /31 2j,-1,2 1,2 j3-1
0 0
+ Dy 212j1 T Lo

0 0

- (Dz_/z—l,zfl—l,z./g - (Dzjz—l,z_/],z./; -

0 0 .
(D2./z,2j1*1,2./'3 ®2j2,2.j1~2./3 )’

(3.12)
! - -
sy = (D@ 0100 = Poj g0t

+?§.f2>2«/'1*1,2.f3*1 - ?gizyz./l,zb*l -
- ?gjrllfl A2 0 31271,2/‘],213 N
~ @), a2+ Posn )
(3.13)
o =Py, 121251 T Po i/~
_?gjz,zjl—l,zjs—l __312,211,21'3—1 -
- ?gjz—l,zjl—l,zjs — S 22 T
+ D3 012+ Pojy2in )
(3.14)
71,/‘2 iy — & (q)zojz—l,zja 12j5-1 7 q)gjz—l,zfa,z;s—l
~ @) o120t Poy 0050
- ?312—1,21'1—1,213 ke 2hizian T
+ D 22~ P22 )

(3.15)
1 1 .
U, g = @@ ;505

1 =l
Vi = @5

iy e =175 (3.16)
a=1/(22); N=N/2 (3.17)

« 1s normalizing factor.

In accordance with (3.7), the mesh function # is
represented as a sum in which the first sum-
mand (the first sum) is its approximation on the
grid of the first level including N, nodes, and
the second term (the second sum) is called the
refinement (the complement to the initial state)
on the grid the first level. The representation
(3.6) can be written in the form
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7
u=u'+Y v, (3.18)
k=1
N NN
m =3 > > u P = (3.19)
J3=1jp=1j=1 .
_ r—.
:q)l(q)l’u) :q)lq)l u,
N, N, N
vk»l - Zszk,Jlesjs\PszJlsjs - (3 20)
J3=1jp=1ji=1 .
_ r_ )
:\Pk,l (‘Pk,lau):\PlePk’]u, k :1,...,7,
D, =
_Th! 1 =1 - .
—[D, . Dy DYy B T
(3.21)
lPk,l =
_rwy! ! sl sl
=[Werns - Peawa - Pewwa = Penwn b
k=1,...7.
(3.22)

Due to the orthonormality of the Haar basis
[2,3,5,6], the operators

P,=®,®!, P, =¥, ¥, k=1..7 (3.23)

are projectors of the space of vector functions of
the original grid to the space of their approxima-
tion on the first-level grid and its complement
(the refining component) to the initial state, re-
spectively.

3.2. Basic scheme of the two-grid method.
Let systems of linear algebraic equations

A =f (3.24)

are discrete analogs of some operator equation
defined on a given rectangular prism of order
N,

We can substitute in (3.22) the expression for u
in the form (3.16). Then we can multiply, in
turn, both sides of the equality on the left by the

matrices @] and W/,, k=1,2,3,4,5,6,7. Thus

we have

Volume 14, Issue 3, 2018

7 -
O Ay +) O AV, v, =D f, (3.25)
k=1

7 -
Wodu +Y W AY, v =Y S, k=17,
k=1

(3.26)

Equations (3.25) and (3.26) can be combined in
the system

A, W =f, i=1,..8.

4
Ly
=1

(3.27)

I

. . 3 3
where 4, ; are block matrices of size N xNy;

f, and w, are block vectors of size Nf ,

1

A1,1 = q)lTAq)l A (DITA\Pk,l >
Ay =V AP, k=1,..7; (3.28)
Ak+1,p+1 = \Plz:lA‘P k:p = 17273947576:7;

p+l o
(3.29)
=01, fi.=Y 1, k=1..7; (3.30)
w=u', w,=v, k=1..,7. (3.3])

We can find the solution of the system (3.27)
using the block Gaussian method.
The expanded block matrix has the form:

Al,l AI,Z A1,3 A1,4 AI,S A1,6 A1,7 Al,8 ]_(1
A2,1 Az,z Az,s A2,4 A2,5 A2,6 A2,7 Azﬁx ]fz
A3,1 A3,2 A3,3 A3,4 A3,5 A3,6 A3,7 A3,8 Jf3
A4,1 A4,2 A4,3 A4,4 A4,5 A4,6 A4,7 A4,8 Jf4
A5,1 As,z A5,3 A5,4 As,s As,e 4 As,s ]fs
A6,1 A6,2 A6,3 A6,4 A6,5 A6,6 A6,7 A6,8 jf6
A7,1 A7,2 A7,3 A7,4 A7,5 A7,6 A7,7 A7,8 f7
_AS,I As,z A8,3 A8,4 Ag,s A8,6 A8,7 As,s jg ]
(3.32)

We have the following result of forward algo-
rithm:
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A101 A1(?2 A103 A34 ASS A36 Al(?7 Al(?x flo
0 Ay Ay Ay As Ay Ay Ay f
0 0 Ay 4, 4 4 4, A 7
0 0 0 Ay As 4 A, Ay|f)
0 0 0 0 A 4 4, 4%
0 0 0 0 0 A, A4, 4,/
0 0 0 0 0 0 A A
’ 77
0 0 0 0 0 0 0 4|k
(3.33)
where
k k-1 k-1
Al =4 -C A k=17,
i=k+1,...8, j=k+1,.,8; (3.34)
fr=f=c, 0, k=17,

i=k+1,..8; (3.35)
C,=A7"UA D", k=1..7,
i=k+1,..,8. (3.36)

We have the following result of backward algo-
rithm

W= ()7 A5 (3.37)
- 4 .
W, =(Ai";1)"Lfi"1 - ZA;;‘ij, i=7,..1.
J=i+l
(3.38)

In accordance with formulas (3.18)-(3.20) solu-
tion of the considering problem (3.24) has the
form

0 _
k1l —

<

,
=i+,
k= , (3.39)

1
7
—1 —1 — —
=0u + Z\Pk,lvk =0 w + Z‘Pk’lwkﬂ.
k=1

k=1

It should be noted that the proposed method
makes it possible to obtain a solution with the

. . 3 3
use of matrices of size N; xN; and vectors of

- 3
size N, .
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