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MATHEMATICAL MODELING OF DIFFUSION PROCESSES
OF MASS TRANSFER OF “FREE CALCIUM HYDROXIDE”
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Abstract: The paper presents a mathematical model of mass transfer in the processes of corrosion of the first
type of cement concrete at the level of phenomenological equations for a closed reservoir-liquid system. A step-
by-step transition to the recording of the boundary value mass conduction problem in dimensionless coordinates
is shown. The solutions of the boundary value mass conduction problem for the region of large and small values
of Fourier numbers are obtained.
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MATEMATHYECKOE MOAEJIMPOBAHUE
ANOD®Y3IUOHHBIX ITPOLHECCOB MACCOIIEPEHOCA
«CBOBOJHOI'O 'NIPOKCUIAA KAJIBIIUS»

NP KOPPO3UU HEMEHTHBIX BETOHOB

C.B. @eoocos, B.E. Pymanuesa, B.C. Konosanosa, C.A. J/locunosa

MBaHOBCKMI TOCYAapPCTBEHHBIN MOIUTEXHUUECKUI YHUBEpCUTET, I'. UBaHOBO, POCCUA

AnHoTanus: B cTaTtbe npeicraBieHa MaTeMaTHYeCKasi MOJIETh MACCONIEPEHOCa B IIPOIIECcax KOPPO3UH IIEPBOTO
BHJIa IICMEHTHBIX OCTOHOB Ha YPOBHE ()CHOMEHOJIOTHYCCKUX YPABHEHUI /U 3aMKHYTOH CHCTEMBI «pe3epByap-
KUAKOCThY». [loKka3aH MOIMIAroBBI MEpexoa K 3almich KPaeBOW 3ajaud MacCOMPOBOJHOCTH B Oe3pa3sMepHBIX
koopauHatax. IlomydeHsl pemieHus] KpaeBOW 3a7adyd MAacCOMPOBOJHOCTH Ui O0JIACTH OONBIIMX W MaJbIX
3HaueHui uncen Oyppe.

KuroueBble cj10Ba: IIEMEHTHBIN OETOH, KOPPO3HsI, MaTeMaTHIeCKast MOJIEITb, MacCOIIEPEHOC,
KOHIIEHTPAIHS «CBOOOHOTO THAPOKCHIA KATBITHS

1. INTRODUCTION

Durability of buildings and structures can be
provided by the wuse of corrosion-resistant
materials. Forecasting the service life of
concrete and reinforced concrete structures is a
complex analytical process [1]. In most cases,
the main causes of damage are corrosion
processes caused by adverse environmental
effects.

Reliable prediction of durability of building
structures is impossible without experimental

analysis and theoretical developments [2] aimed
at creating mathematical models of processes
occurring at all stages of production and
operation [1, 2].

One of the directions of the scientific school,
which works fruitfully at Ivanovo state
Polytechnic University, is the theoretical study
and mathematical modeling of corrosion
processes of concretes proceeding along the
mechanisms of the first and second types [3-9].
To date, the authors of the article have
developed a complex of mathematical models of
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corrosion processes in different environments,
and proposed ways to combat corrosion
destruction [6-9].

First of all, calcium oxide is responsible for the
strength of concrete, which is part of the main
minerals of Portland cement [I, 10]. The
decrease in the content of "free calcium
hydroxide", which is the main component that
determines mass transfer, causes a change in the
phase and thermodynamic equilibrium in the
system, leads to the decomposition of the main
components of the cement stone, and as a result,
to the loss of the strength properties of concrete.

2. MATHEMATICAL MODEL OF MASS
TRANSFER IN CORROSION PROCESSES
OF THE FIRST TYPE AT THE LEVEL

OF PHENOMENOLOGICAL EQUATIONS
FOR A CLOSED "RESERVOIR-LIQUID"
SYSTEM

Mass transfer in the "reservoir-liquid" system
according to the first type of corrosion is
determined by the boundary value problem of
mass conductivity of the type [3, 4]:

ac(xr) k 9%¢c(x,1)

P 2 ,7>0,0<x<0. (1)

Initial condition:

(2)
C(x,T)|r=¢ = C(x,0) = C,.
Border conditions:
ac(0,1) _ 0 )
ox
4)
2900 pie, - 01

0x

where: C(x,t) is concentration of "free calcium
hydroxide" in concrete at a time t at an arbitrary
point with x coordinate, in terms of CaO, kg
CaO / kg of concrete; Cy(x) is concentration of
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"free calcium hydroxide" in concrete at the
initial moment of time at any point with x
coordinate, in terms of CaO, kg CaO / kg of
concrete; k is mass conductivity coefficient in
solid phase, m?%/s; ¢ is wall thickness of the
structure, m.

The value of the equilibrium concentration on
the surface of the solid C. is not constant, but
depends on the concentration of the component
in the liquid phase:

Ce(D) = f[cliq(T)]-- )
The simplest form of this dependence is Henry's
law [9]:

Co(r) = mCyig (1), (©6)
where: m is Henry's constant, kg of liquid / kg
of concrete.

According to the law of mass conservation, the
mass flow of substance emerging from the

concrete surface should be equal to the amount
of substance arriving in the liquid phase.

aC(5,1)

9Cyiq(7)
—SpconkT — -

ot ' M

= ViiqP1iq

where: S is internal surface of the tank, m?; Vi,
is tank volume m?®; pcon, piiy are densities of
concrete and liquid, respectively, kg/m>.

To obtain generalized solutions suitable for
qualitative analysis of corrosion processes, we
introduce dimensionless variables of the form:

C Clx, T X
Z(%,Fo,,) = OC—(),f ==
0
o )
FOm _ﬁ.

We transform the equation (1) with regard to

(8):
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aC[Cy — C(x,7)]

0‘[ - CO
)
_ 0%C[Cy — C(x,7)]
axz - CO '
This implies:
_ 20 =
0Z(x,Fo,,) — K 0°Z(x, Fom)' (10)

ot 0x?

Multiply by &° and divide by k both parts of the
equation:

0Z(X,Fop)6%  0°Z(X,Fop)5”

otk J0x? (b

In dimensionless coordinates, the boundary
value problem (1)-(4) is transformed to the form

[5]:

0Z(X,Fop,) 0°Z(X, Fop)

oFo,, ox: ' (12)
Fo,>0,0<x<1.
Initial condition:
Z(x,0) = 0. (13)
Border conditions:
(14)
0Z(0,Fo,,)
Eaeeeea—— 0
0x
1 0Z(1,Fon)
Bip, 0x (15)

= [Ze(FOm) - Z(]-: Fom)]-

where:

)
S«I.I . = 0
is Bio mass transfer criterion;
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T
Fom=k-—
52

is Fourier mass transfer criterion.
We transform the equation (7) by multiplying
the summands on the left by

D-_.| =]

and on the right by

L=
%]

[ 3]

=
9[Co —C(6,1)]6
Codx-6

aCll'q(T)62
= Vllqpllq a_[ . C062 "

_Spconk
(16)

Assuming that the equilibrium in the system
obeys Henry's law (6), we write:

S Peon k 02(0,Fo,)

V pug 6 0%

_9Z|Co —mCyg (@] _

md () Cob? (7
_ aZliq (Fom)
(2
Divide by £:
S peon 1 0Z(1,Fo,)
V pliq 0 0x B
 02y(Fon) (1%)
ma (g) 52
The last expression denotes:
Co —mCy, (T
Zyjq(Fop) = Oc—llq()- (19)
0
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We denote that:
— m56 . pCOTl — chon 20
™ Vg Pug Gig (20)

where: Km is coefficient considering phase
characteristics; Geon 1S the mass of the concrete
tank, kg; Gii; 1s the mass of liquid in the tank,
kg.

In the accepted variables equation (7) will take
the form:

0Z1iq(For) 0Z(1,Fo,,)
—_— =K, —— (21)
dFo,, ax
We transform the equation (6):
Co—C.(t) Coy—mCy,(7T)
0 e( ) — 0 liq . (22)
Co Co

In this case, the boundary value problem of
mass conductivity will take the form:

0Z(X,Fop)  6°Z(X, Fop,)
dFo,, ox:

(23)

The initial and boundary conditions of
expression (23) are expressions (13)-(15). In
equation (15), Z.(Fon) is the same as Zjig(Fom).
The solution of the equation (23) obtained by
the Laplace integral transformation takes the
form [5, 6]:

Z(%,s) = Ach(v/sx) + Bsh(Vsx), (24)
dZ(x,s) B
PEEa AVssh(+sx) + 05)
+B+Vsch(Vsx),
o [AVEshVE] + " [aVEshyE] =
" (26)

_ Zliq(o)
= T - ACh\/E,

le64

A=
_ BiysZ,4(0) @7)
s[sshvs + Kpmshv/s + BipVschys|
Z(x,s) =
BinZ1iq(0)ch(Vs%) (28)

B s[sshv/s + Biy Kmshy/s + Bimx/gchx/g].

The final solution of the boundary value
problem (23) for the region of large values of
Fourier numbers (for Fo, > 0,1) has the form

[S]:

7(0)
1+K,

Z(x,Fop,) =
(29)

~2BinZiq(0) z ),
U (i) = sin Mm [ 312, +
Binm(pZ4-Keb)] +
Hm €OS Hm [ulzlq'(BimKGb + 2)]

xp(—umFop),

(30)

The characteristic equation for finding the roots
of pm is:

Bipmm
t = 31
For the average concentration, we write:
Z3i4(0)
mld (F m) - -
1+ Km
(32)
Singiy,

ZBLleLq (0) Z ) exp( #mFOm)
Hm

' (u
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Zliq (Fom) =

= Z1;4(0) {1
+ 2Biy, Ky, Z

. 1]},

In cases where the condition Fo, < 0,1 is
satisfied, it is advisable to obtain solutions using
hyperbolic functions for large values of
arguments (small Fourier numbers).

The final solution of the equation (23) for the
region of small values of Fourier numbers has
the form:

sinu 33)
ll) (m ) eXp( .umFOm

Z(x,Foy)
Zliq (0) -

= mZ(—niexm—aiu

_ (34)
X) + a?Fo ]erfc( 1-x
— X a;
o 2./Fo,,
- ai,/Fom),
—a++vVD
a; = %\/_, (35)
Zimia(Fom) = [} Z(%, Fop,)dX, (36)
Zliq(FOm) .
Zliq(o)
Ky Bi : F
_m—lmz(_l)m 5 [EOom (37)
JBiZ — 4K, Bi,, & ™

Fom
+al-f exp(aizFom)erfc(—ah/m)dFom}.
0

The obtained expressions allow to calculate the
concentration  fields of the transferred
component along the thickness of the structure,
to find the average concentration at any time,
and to determine the value of the concentration
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of the "target" component in the liquid phase.
Some results of calculations [5-7] are shown in
Figures 1 and 2.

Z(x,Fom) 05

0.4

0.3

0.2

0.1

o 0.2 0.4 0.6 08 1

Figure 1. Profiles of the dimensionless
concentrations on the thickness of the concrete
at Fop, = 0.05 at various values of Biy: 1 —0.5;

2-1;3-1.75;4-25;5-3.

Zlig{Fow)
24

1 1.8

: - T
Figure 2. Concentration of the transferred
component in the liquid phase at Fo, = 0+5;
Km=0.1; Bin: 1 -0.5;2—-1;3—1.5.

A necessary condition for the implementation of
calculations is the availability of data on static
and kinetic characteristics of the process, which
can be obtained only on the basis of
experimental studies.

3. CONCLUSION

Development of mathematical models is
impossible without a clear understanding of the
mechanism of the processes, experimental data
characterizing the influence of various factors
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on the kinetics and dynamics of processes and
verification of the correctness of the forecast
methodology in full-scale conditions [6, 8].

The joint analysis of the results of numerical
and experimental studies confirms the adequacy
of the developed mathematical models of mass
transfer in the systems under study and makes it
possible to use the developed mathematical

models and the

proposed methods for

calculating the mass transfer process at the
corrosion of the first and second types on real

objects.

REFERENCES

I. Moskvin V.M. Korroziya  Betona
[Corrosion  of  Concrete].  Moscow,

166

Gosstrojizdat, 1952, 342 pages.

Stepanova V.F., Sokolova S.E., Polushkin
A.L. Problemy Dolgovechnosti Betonnyh 1
Zhelezobetonnyh Konstrukeij v
Sovremennom Stroitel'stve [Problems of
Durability of Concrete and Reinforced
Concrete Structures in Modern
Construction] //  Bulletin of  SIC
Construction, 2017, No. 1(12), pp. 126-133.
Fedosov S.V., Rumyanceva V.E.,
Kas'yanenko N.S., Krasil'nikov LV.
Teoreticheskie i Ehksperimental'nye
Issledovaniya Processov Korrozii Pervogo
Vida Cementnyh Betonov pri Nalichii
Vnutrennego Istochnika Massy [Theoretical
and Experimental Studies of Corrosion
Processes of the First Type of Cement
Concrete in the Presence of an Internal
Source of Mass] // Building materials.
2013. No. 6. pp. 44-47.
Rumyanceva V.E.,
Matematicheskoe Modelirovanie
Korrozionnyh ~ Processov ~ Betona i
Zhelezobetona [Mathematical Modeling of
Corrosion Processes of Concrete and
Reinforced Concrete]. // Issues of modern
science and practice. University of V.L
Vernadsky, 2015, No. 1(55), pp. 235-244.

Loginova  S.A.

Fedosov S.V., Fedosova N.L.,
Rumyanceva V.E., Krasil'nikov LV.
Issledovanie  Diffuzionnyh  Processov
Massoperenosa pri  Zhidkostnoj Korrozii
Pervogo Vida Cementnyh  Betonov
[Investigation of Diffusion Processes of
Mass Transfer During Liquid Corrosion of
the First Type of Cement Concretes]. //
Proceedings of High Schools. Chemistry
and Chemical Technology, 2015, Vol. 58,
No. 1, pp. 99-104.

Fedosov S.V., Rumyanceva V.E,,
Krasil'nikov 1.V., Konovalova S.V.,
Karavaev L.V. Opredelenie Resursa
Bezopasnoj Ehkspluatacii Konstrukcij iz
Betona, Soderzhashchego
Gidrofobiziruyushchie Dobavki
[Determination of Safe Service Life of
Structures Made of Concrete Containing
Hydrophobic Additives]. // Proceedings of
high schools. Technology of the textile
industry, 2017, No. 6(372), pp. 268-276.
Fedosov S.V., Rumyanceva V.E.,
Krasil'nikov  LV., Loginova S.A.

Issledovanie Vliyaniya Processov
Massoperenosa na  Nadezhnost' 1
Dolgovechnost' Zhelezobetonnyh

Konstrukcij, Ehkspluatiruemyh v Zhidkih
Agressivnyh Sredah [Investigation of the
Influence of Mass Transfer Processes on
the Reliability and Durability of Reinforced
Concrete Structures Operated in Liquid
Aggressive Media]. // Building materials,
2017, No. 12, pp. 52-57.

Fedosov S.V., Rumyanceva V.E.,
Konovalova S.V., Karavaev 1V,
ZHidkostnaya Korroziya Betonov v Srede s
Razlichnoj Stepen'yu Agressivnosti [Liquid
Corrosion of Concrete in the Environment
with Various Degree of Aggressiveness] //
Bulletin of Civil Engineers, 2017, No.
4(62), pp. 113-118.

Fedosov S.V., Rumyanceva V.E.,
Konovalova S.V. Issledovanie Processov
Korrozionnoj Destrukcii Zhelezobetonnyh
Izdelij v Agressivnhyh Sredah s Hlorid-
ionami [Study of the Processes of a

International Journal for Computational Civil and Structural Engineering



Mathematical Modelling of Diffusion Processes of Mass Transfer of “Free Calcium Hydroxide” During Corrosion

of Cement Concretes

Corrosion  Destruction of Reinforced
Concrete  Products in  Aggressive
Environments Containing Chloride Ions]. //
Bulletin of civil engineers, 2016, No. 5(58),
pp. 61-67.

10. Liang  Ming-Te,  Shien-Min  Lin.
Mathematical Model and Applications for
Concrete Carbonation. // Journal of Marine
Science and Technologic, 2003, Vol. 11,
No. 1, pp. 20-30.

CIIUCOK JIMTEPATYPbI

1. MockBun B.M. Koppo3us Getona. — M.:
I'occTpoimznat, 1952. —342 c.

2. CrenmanoBa B.®., CoxoaoBa C.E.,
Hoaymkun A.JI. DddexTuBHbIE CLIOCOOBI
BTOPUYHOW  3alIUTHl ISl TTOBBIIICHUS
JIOJITOBEYHOCTH 3JIaHUM M COOpY>KEHHM. //
Bectauk HUIL[ CrpourensctBo, 2017,
Nel(12), c. 126-133.

3. ®@enocoB C.B., PymsauueBa B.E.,
Kacpsinenko H.C., Kpacuibaukos U.B.
Teoperndyeckne W  IKCTIEPUMEHTAIBHBIC
UCCIICIOBAaHUsI ~ TPOLIECCOB  KOPPO3UHU
MEpBOTO BUAA IIEMEHTHBIX OETOHOB TpHU
HQJIMYMKA BHYTPEHHETO0 HCTOYHHUKA MAaCCHI.
/I CtpoutensHbie MaTepuansl, Ne6, 2013, c.
44-47.

4. PymsanumeBa B.E., JlorunoBa C.A.
MaremaTnueckoe MO/JICIUPOBAHHE
KOPPO3HOHHBIX  IpOIlecCOB  OeToHa U

xenezoberona. // Bompockl cOBpeMEHHOM
HAayKH U MPAKTUKU. YHHUBepcuTeT uMm. B.U.
Bepnanckoro, 2015, Ne1(55), c. 235-244.

5. ®emocoB C.B., DengocoBa H.JL.,
PymsinueBa B.E., Kpacuibnuxkos W.B.
HccnenoBanue audQy3nOHHBIX MPOLECCOB
MaccorepeHoca npu KHUJIKOCTHOM
KOpPpO3WU TEpPBOTO BHUAA  I[EMEHTHBIX
o6etoHoB. // W3Bectusi By30B. XWMHS U
xuMudeckas texuojiorus, 2015, Tom 58,
Brm. 1, ¢. 99-104.

6. ®epocob C.B., Pymsanumesa B.E,,
Kpacunbnukos U.B., KonoBanosa C.B.,
KapaBaes W.B. Omnpenenenue pecypca

Volume 14, Issue 3, 2018

0e30MacHO dJKCIUTyaTallid KOHCTPYKIIHMA
u3 OeToHa, COJIepIKAIIETO
rupodoOU3NpYyIOIINe T00aBKH. /!
W3Bectus By30B. TeXHOJIOTHST TEKCTHIILHOU
npombinieHHOCTH, 2017, Ne6(372), c. 268-
276.

7. ®enocoB C.B., PymsanueBa B.E.,
Kpacunbaukos W.B., JlorunoBa C.A.
HccnenoBanue BIIMSHUS IPOIIECCOB
MaccolepeHoca  Ha  HaJAeKHOCTb U
J0JATOBEYHOCTh XKeNe300eTOHHBIX
KOHCTPYKIIUH, HKCILTYaTUPYEMBIX B
KUIKUX arpecCUBHBIX cpenax. /!

Crpoutenbnbie maTepuainsl, 2017, Nel2, c.
52-57.

8. democoB C.B., PymsinueBa B.E.,
KonoBasioBa C.B., KapaBaes MW.B.
XKunkoctHas koppo3ust OETOHOB B cpejie C
pa3IMYHON CTENEeHbI0 AarpecCUBHOCTH. //
BecTHUK rpaxaaHckux HHKeHepos, 2017,
No4(62), c. 113-118.

Sergey V. Fedosov, Full Member of the Russian
Academy of Architecture and Construction Sciences,
Professor, Doctor of Technical Sciences, head of the
Department of "Technosphere safety” Ivanovo State
Polytechnical University, 153037, Russia, Ivanovo
region, Ivanovo, St. 8" March, 20;

phone +7(4932) 32-85-40; fax +7(4932) 37-19-42;
E-mail: fedosov-academic53@mail.ru.

Varvara E. Roumyantseva, Advisor to the Russian
Academy of Architecture and Construction Sciences,
Professor, Doctor of Technical Sciences, Director of the
Institute of information technologies and natural Sciences
and Humanities, head of the Department of
nanotechnology, physics and chemistry, Ivanovo State
Polytechnical University; 153037, Russia, Ivanovo
region, Ivanovo, St. 8" March, 20;

phone +7(4932) 41-75-09; +7(906)617-17-84;

E-mail: varrym@gmail.com.

Viktoriya S. Konovalova, Candidate of Technical
Sciences, senior lecturer of the Department of
nanotechnology, physics and chemistry, Ivanovo State
Polytechnical University; 153037, Russia, Ivanovo
region, Ivanovo, St. 8" March, 20;

phone +7(910)997-02-68; e-mail: kotprotiv@yandex.ru.

Svetlana A. Loginova, assistant Professor of the
Department of nanotechnology, physics and chemistry,

167



Sergey V. Fedosov, Varvara Eu. Roumyantseva, Viktoriya S. Konovalova, Svetlana A. Loginova

Ivanovo State Polytechnical University; 153037, Russia,
Ivanovo region, Ivanovo, St. 8" March, 20;

phone +7(906)617-12-27;

E-mail: s179066171227@yandex.ru.

®enocoB Cepreit Bukroposuu, axagemuk Poccuiickoit
aKaZeMAH  apXHUTEKTYphl W  CTPOWUTENBHBIX  HAyK
(PAACH), mpodeccop, IOOKTOp TEXHHYECKHX HAYK,
3aBenyrommii kKapeapoit «TexHocpepHas 6E30MacHOCTH
VBaHOBCKOTO ~ TOCYJapCTBEHHOT'O  ITOJIMTEXHUYECKOTO
yuuBepcureta; 153037, Poccusi, MIBaHOBCKast 001acTh, T.
WBanoBo, yn. 8 Mapra, a. 20; ten. +7(4932) 32-85-40;
¢axc +7(4932) 37-19-42;

E-mail: fedosov-academic53@mail.ru.

Pymsuuesa BapBapa EBrenseBHa, coBetHuk Poccuiickoit
aKaZeMUU  aApXUTEKTYpbl M  CTPOWUTENBHBIX  HAyK
(PAACH), mnpodeccop, ITOKTOp TEXHHYECKHX HayK,
nupektop MHCTHTyTa MH(MOPMAIMOHHBIX TEXHOJIOTHH M
€CTECTBEHHO-TyMaHUTAPHBIX HayYK, 3aBeyronas
kadeapoil  HAHOTEXHONOTWUH, (U3MKM W XUMHH
VBaHOBCKOTO  TOCYJapCTBEHHOTO  ITOJIUTEXHHUYECKOTO
yauBepcureta; 153037, Poccus, lBaHoBcKkast 00nacTs, T.
WBanoBo, yn. 8§ Mapra, 1. 20; ten. +7(4932) 41-75-09;
+7(906)617-17-84; e-mail: varrym@gmail.com.

KonoBasioBa Buxropus CepreeBHa, KaHIuaaT
TeXHUYECKHX HayK, CTApIIMi TpernogaBateib Kadempsl
HAaHOTEXHOJOTHH, GQM3UKH © XUMUH VIBaHOBCKOTO
TOCY/IapCTBEHHOTO  MOJIMTEXHHYECKOTO YHHUBEPCUTETA,
153037, Poccust, UBanoBcKkast obiacth, r. MiBaHOBO, yiI. 8
Mapra, 1. 20; Temn. +7(910)997-02-68;

E-mail: kotprotiv@yandex.ru.

JlormHoBa CBeTiiaHa AHIpEeBHA, ACCHCTCHT Kadeapbl
HAHOTCXHOJOTHHA, (QM3UKH © XUMUU VIBaHOBCKOTO
TOCYJapCTBCHHOTO  IOJUTEXHHYCCKOTO YHUBEPCHUTETA;
153037, Poccusi, MiBaHoBcKas obnacte, T. MBaHOBO, yiI. 8
Mapra, a. 20; ten. +7(906)617-12-27;

E-mail: 5179066171227 @yandex.ru.

168 International Journal for Computational Civil and Structural Engineering



