International Journal for Computational Civil and Structural Engineering, 14(1) 92-101 (2018)

DOI:10.22337/2587-9618-2018-14-1-92-101

CALCULATION OF LONG-TERM FILTRATION
IN A POROUS MEDIUM

Ludmila I. Kuzmina', Yuri V. Osipov’, Nikita V. Vetoshkin’

! National Research University Higher School of Economics, Moscow, RUSSIA
2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

Abstract: The filtration problem in a porous medium is an important part of underground hydromechanics.
Filtration of suspensions and colloids determines the processes of strengthening the soil and creating waterproof
walls in the ground while building the foundations of buildings and underground structures. It is assumed that
the formation of a deposit is dominated by the size-exclusion mechanism of pore blocking: solid particles pass
freely through large pores and get stuck at the inlet of pores smaller than the diameter of the particles. A one-
dimensional mathematical model for the filtration of a monodisperse suspension includes the equation for the
mass balance of suspended and retained particles and the kinetic equation for the growth of the deposit. For the
blocking filtration coefficient with a double root, the exact solution is given implicitly. The asymptotics of the
filtration problem is constructed for large time. The numerical calculation of the problem is carried out by the
finite differences method. It is shown that asymptotic approximations rapidly converge to a solution with the
increase of the expansion order.
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PACUYET JOJTIOBPEMEHHOHN ®UJIbTPAIIUU
B IOPUCTOM CPEJE

JLH. Kysbmuna', I0.B. Ocunoé’, H.B. Bemowkun’

! HarmoHAaBHBIH MCCIIEI0BATEIBCKUIT yHUBepcUuTeT «Bbicuias 1mkona sKoHOMUKW», T. Mocka, POCCU S
2 HanuoHaIbHEIH HCCIeN0BaTENbCKHI MOCKOBCKUIA FOCYIapCTBEHHBIA CTPOUTEILHBINA YHIBEPCHTET,
r. Mocksa, POCCHA

AHHoTanus: PaccmarpuBaercs 3aada QUIBTpAK B MTOPUCTOI Cpeie — BayKHAS COCTaBHAS YacTh MOJ3EMHOMN
THJpOMEXaHNKU. 3a/1auu QWIBTPALUK CYCIICH3MH M KOJUIOMJOB OIUCHIBAIOT IPOLECCHl YKPEIUICHHS T'PYHTa W
CO3/IaHUSI BOJIOHETIPOHHMILIAEMBIX CTE€H B TPYHTE IIPH CTPOMTEILCTBE (DYHIAMEHTOB 3[aHUH M HOA3EMHBIX
coopyxenuil. [lpennomaraercs, 4YTo mnpH 0Opa3oBaHMM OCaJKa OCHOBHYIO pOJIb HIPaeT MEXaHHUKO-
TEOMETPUUECKUH MeXaHM3M OJIOKMPOBaHMS IIOp: TBEPJble YaCTHUIBI OECIPENSITCTBEHHO TNPOXOIAT 4Yepes3
OousipIIMe TIOPHI M 3aCTPEBAIOT Ha BXOJE MOpP, pa3Mepbl KOTOPBIX MEHbIIe anaMmerpa yactui. OpHoMepHas
MareMaTHyeckas MoJeNb (QUIBTPAllMd MOHOJHMCIEPCHOM CYCIEH3MHM BKIJIIOYAeT ypaBHEHHE MaccooOMeHa
B3BEIICHHBIX M OCAWKACHHBIX YAacTHII M KHHETHYECKOE YpaBHEHHE pocTa ocanka. s Orokupyromero
ko3¢ ¢unnenra GuIbTpannyu ¢ IBYKPATHHIM KOPHEM IIPUBOJHUTCSI TOYHOE pellleHHe B HesiBHOM Buje. CtpouTtes
ACHMNTOTHKA 337a4¥ (UIBTPALMH NpHU OOJBIIOM 3HAYEHWM BpeMeHH. UMCIICHHBIH pacdeT 3a7add BBITOJIHEH
METOJIOM KOHEYHBIX pa3HocTed. [Ioka3aHo, 4TO ¢ POCTOM MOPSAAKA aCHMITOTHYECKHE NMPHUOIMKEHUsT OBICTPO
CXOZATCS K PEIICHUIO.

KiroueBble ciioBa: GpuibTpaiius, MOpUCTas Cpejia, B3BEIICHHBIC U OCAKICHHBIC YaCTHIIBI,
MareMaTrhueckas MoJellb, aCUMITOTHKA

1. INTRODUCTION underground hydromechanics. The transport and

retention of suspended particles in the pores of
The filtration of suspension in a porous medium soil and rock are actual for the oil industry,
is one of the most important problems of
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strengthening of foundations, cleaning of
surface waters and liquid industrial wastes [1-3].
The nature of filtration of the suspension in a
porous medium depends on the composition of
the fluid, the material of the porous medium, the
ratio of the dimensions of the suspended
particles and pores. We assume that the
electrostatic and gravitational forces, the
viscosity of the liquid, and the diffusion of the
particles do not have a significant effect on the
filtration process. If the particle and pore size
distributions overlap, then the main mechanism
of particle capture is size-exclusion interaction
of particles and pores: the suspended particles of
the suspension are freely transferred by the fluid
flow through the large pores and get stuck in the
small pore throats [4,5].

The paper considers the filtration of identical
solid suspended particles in a homogeneous
porous medium. It is assumed that the
distribution of the pore sizes is constant on each
cross-section of the framework of the porous
medium. A one-dimensional model of filtration,
including the equation of mass transfer of
suspended and retained particles and the kinetic
equation of the deposit growth, is used below.
The conditions of a constant concentration of
suspended particles at the porous medium inlet
and the absence of suspended and retained
particles in a porous medium at the initial time
determine a unique solution of the problem.
Some mathematical models of filtration have
exact analytical solution [6-8]. In the absence of
exact solutions, an asymptotics can be
constructed [9-11]. If analytical solutions are
unknown, numerical methods are used [12-15].
The exact solution of the filtration problem for a
quadratic filtration coefficient with a multiple
root is obtained in the paper. Since the solution
is given by an implicit formula, an asymptotics
is constructed to determine the properties of the
solution for large time. It is shown that general
limit conditions for the solution are insufficient
to obtain an asymptotic expansion for # — o, s0
it is necessary to use the exact solution for
construction of the asymptotics.
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In Section 2 a mathematical model of the
filtration problem is presented, the exact
solution of the problem is obtained in Section 3.
In Section 4, asymptotics is constructed for
large time; the results of numerical calculations
are given in Section 5. Conclusion finalize the
paper in Section 6.

2. MATHEMATICAL MODEL

The one-dimensional filtration problem of a
monodisperse suspension in a porous medium is
considered in a half-strip

Q={(x,0): O0<x<1, t>0}.

The mathematical model of the filtration
problem includes a hyperbolic system of two
first-order equations with unknown
concentrations of suspended particles C(x,7)

and retained particles S(x,?)

a_C + a_C + a_S =0 ; (1)
o oOx ot

oS
—=A(S)C,; 2
Py (S) (2)

with boundary and initial conditions

Cl_,=1; A3)
Cly=0 S|,_=0. @)

Here A(S) 1is a decreasing nonnegative
function, which is called the filtration
coefficient.

The inconsistency of conditions (3), (4) at the
origin leads to the discontinuity of the solution.
The discontinuity line 7=x is called the
concentrations front of the suspended and
retained particles. It is a mobile boundary of two
phases - a suspension and an empty porous
medium. Before the concentrations front in the
domain
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Q) =1{(x,1): 0<x<1, O<rt<x}
the solution is zero; in the domain
Q¢ ={(x,0): 0<x<1, t>x}

the solution is positive. At the front 7= x, the
solution C(x,#) has a strong discontinuity (the

suspended particles concentration has a gap);
the solution S(x,7) has a weak discontinuity
(the retained particles concentration is
continuous, but has a break, that is, a derivative
jump occurs).

During the filtration, the retained particles
concentration increases, and the number of free
small pores of the porous medium is reduced.
With prolonged filtration, more and more
suspended particles pass unobstructed through
the large pores without precipitation, and the
growth rate of the retained particles
concentration slows down. When all small pores
are blocked by the particles, the formation of the
deposit ceases, and the suspended particles pass
freely through the porous medium. The
maximum value of the retained particles
concentration S, 1s the minimum positive

root of A(S). Such filtration coefficient is

called a blocking coefficient.
Consider the third-order polynomial with a
double root

AS)=(1-8)Y +a(1-S)’, a>0. (5
Below, the exact solution of the problem (1) -
(4) with the blocking filtration coefficient (5) is
constructed by the methods used in [16, 17].

3. EXACT SOLUTION
First, we determine the solution at the porous

medium inlet x =0. According to (3), equation
(2) takes the form
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g—f:(l—S)2+a(1—S)3. (6)

Division of the variables and integration with
respect to ¢ yields

i 8S / ot et -
0

(1-S) +a(1-S)’

Using the initial condition (4), the integral in the
left side of (7) can be written in the form

S

J' das _
1-8) +a(1-S)’

0

®)

Calculation of the integral in the left side of (8)
gives

f(_ 5 lsf e : S)de:
- - a—a
' . O

:(aln(l—S)+$—aln(l+a—aS)]

0

The solution S,(7) at the porous medium inlet is
determined in implicit form

=S| S
l+a—aS, ) 1-S5,

(10)

Now the solution for x>0 can be obtained.
From equation (2)

_ oS / ot ‘ (11
A(S)
Substitution of (11) into equation (1) yields
ofas/ot +£ oS /ot +6‘_S:0. (12)
ot\ A(S) ox\ A(S) ot

Using the equality
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afes/at)y_ 1 &S
ox U A(S) | A(S) oxor

A'(S) 85 &S a S | ox
CAXS)ax o ol A(S)

(13)

the equation (12) can be written in the form

+Sj:0.

Integration of (14) with respect to the variable ¢
gives

oS/ ox

A(S) (9

afaslar
A(S)

oS /ot
+
A(S)

oS/ ox
+

AGS) S=K(x).

(15)

Since the solution is zero in the domain Q, the
function S(x,7) and its partial derivatives are

zero for ¢ =0. Then the integration constant is
determined from (15): K(x)=0. Equation (15)
takes the form

oS / ot
+
A(S)

oS/ ox
+
A(S)

5=0. (16)

Multiplication of (16) by A(S) yields
oS 8S

X

+SA(S)=0. (17)

Denote the characteristic variables

T=t—y, X=Y). (18)
The partial derivatives in new variables
o5 _os oS _os oS
o ot ox dy ot
Equation (17) takes the form
) +SA(S)=0. (19)
oy

Division of the wvariables and integration of
equation (19) with respect to the variable y gives

oS/
[ gy 20)
SA(S)
Using the condition
S 1),y = 5,0 (1)

the integral in the left side of equation (20) can
be written in a form

N

das _
-[SA—(S)_ V. (22)

So

The integral in the left side of equation (22) can
be calculated for the filtration coefficient (5)

3 S
! InS+(a—1)In(1-S5)+ a 1n(a+1—aS)+L =—y, (23)
a+1 a+1 1-S s
p— 3 —
or LlniJr(a—l)ln1 S+ a lna-’_1 aS+ ! = ! -y. (24)
a+l S, 1-§, a+1 a+1-aS§, 1-§ 1-8§,
In the variables x, 7 the relation (24) has the form
— 3 —
S L | P AP Pt L S S (25)
a+l S, 1-S, a+1 a+1-aS, 1-S 1=,
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where S,(#) is determined by formula (10).

The relation (27) defines in an implicit form the
exact solution S(x,7) of problem (1) - (4) in the

domain €. For a known function S(x,?), the
solution C(x,?) is determined by formula (11).

4. ASYMPTOTICS FOR LARGE TIME

4.1 Asymptotic solution at the inlet x =0
Asymptotics S;°(7) at the inlet of the porous

medium for # — oo is constructed in a form

sp=1-h_bineeh
26
_b41n21‘+b51nt+b6 0 In’¢ (26)
£ )
where

f:O[lnjt]
t

is a function satisfying the estimate
|f|£c0nst-ln3t/t4.

Substitution of the series (26) into the left side
of equation (10) yields

t b b
b—l—(a+b—§jlnt+[aln((1+a)bl)—l—b—:z]+

1
L (B2 =bb)In’ 1+ (ablb, +2b,b, ~ bb)Int
bt
L abib bl —abl —bb, (e
bt £

+ (27)

Equation of the coefficients with the same
powers In't gives a recurrent system of
equations with the unknowns b, i =1,...,6:
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l=1; a+%=0; aln((1+a)b1)—l—2—3=0;

2
1 1 1

b} —bb, =0, ab’b, +2b,b,—bb,=0;
ablb, +b; —a’b! —bb, =0.

Substitution of the obtained coefficients into the
expansion (26) yields

us 1 alnt+A a’ln’t
So(t)=l—;+ .

_(2ad-a*)Int+ (A’ - Aa—a*)
£ ’

(28)

where
A=A0)=1-aln(l1+a).
4.2 Asymptotic solution for x >0

The asymptotic solution of problem (1) - (4) for
t — o0 is constructed in a form

a,

s (ry=1-2- BT
T

2 3
a,In"t+a;Int+a O(In T
- 3 + 4
T

Substitution of the expansion (29) into the
relation (24) gives the recurrent system of
equations with the unknowns a,,i=1,...,6. The

asymptotic solution S“(y,t) 1is obtained

similarly to Sec. 4.1

us 1 alnt+A4 da’ln’t

Se () =l-— LA T
T T T

(251/1—612)1nr+(/12 —ad-a’ —y)

3 D
T

(30)

where A=A(y)=1—aln(l+a)—y.

The asymptotic solution C*(y,t) is obtained
from the relation (11)

International Journal for Computational Civil and Structural Engineering
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3
C“S(y,'r):l—%+0(hi3tj. G1)

Next terms of the asymptotics (31) can be obtained

oC oS

—+—=0. 32
oy ot (32)

Substitution of the expansion (30) into the

equation (32) and integration of (32) with

from the equation (1). In the characteristic i . )
respect to y using the condition (3) yields

variables (18), equation (1) has the form

vy 2alnt+2A4A-a+y _3a21nzr+a(6A—5a+3y)lnry_

C*(y,n)=1-5+ 3 y :
T T T (33)
~6-10a —4a® -9y +5ay +2y° +(10a’ —12a + 6ay)In(1 + a) + 6a* In*(1 + a)
27 >
In the variables x, ¢ the asymptotic solution of the problem (1) — (4) for # — oo takes the form
_ a’In’(t—x)+(2a4—a’ )In(t —x) +(A* —ad—a’ — x
1Ly ai=D A @) ( )In( %) ( ). 33
t—x (t—x) (t—x)
Co(xat) =1 t X 2+2aln(t )tc)+23A a+xx_3a In“(¢ x)+a(t6A 45a+3x)1n(z‘ x)x_
(1=) (t=) (1=) .

_6—10a—4a’ —9x +5ax +2x* + (104’ —12a + 6ax) In(1 + a) + 6a” In*(1 + a) .

2(t—x)*

Here A= A(x)=1—-aln(l+a)—x.

5. NUMERICAL CALCULATION

Calculation of the solution of the problem (1)-
(4) and its asymptotics (33), (34) is performed
for a=1. In Fig. 1 graphs of exact S, and
asymptotic solutions S, of various orders at the

porous medium inlet x =0 are presented.

S
1] N ,

0.5

t

Figure 1. Retained concentration Sy(t) for x=0.
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Laboratory experiments allow determining the
concentrations of suspended and retained
particles at the filter outlet at any time after
breakthrough. Therefore, the solution for x =1
is of the utmost interest.

Graphs of the exact solution C, S and
asymptotic solutions C,, S, of various orders at

the porous medium outlet are shown in Fig. 2, 3.

C
1 . 4/_\
o ’
0.5 limit
Cl
ot <
Cc3
0 t
0 1 2 3 -+ 5

Figure 2. Suspended concentration C(x, t)|x=1.
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—

limit

0.5

Figure 3. Retained concentration S ()c,t)|x=1 .

The graphs show that the asymptotics converge
rapidly to the solution and the solution does not
exceed the limit values

imC(x,1) = C(x,0)|_, =1;
limS(x,0)=S,_ =1.

11—

(35)

The convergence of the asymptotics improves
with increasing order of the asymptotic
approximation.

6. CONCLUSION

The one-dimensional mathematical model of
filtration of a monodisperse suspension in a
porous medium with size-exclusion mechanism
for particles retention is considered. The exact
solution of the problem for the blocking
filtration coefficient with double root is
obtained. An asymptotics for ¢-—>o0 s
constructed. It is shown that the asymptotic
solution rapidly converges to the limiting
values.

Asymptotics near the porous medium inlet and
near the concentrations front of the suspended
and retained particles is constructed by
substituting asymptotic expansions into the
filtration equations and boundary conditions [9,
18]. In contrast to this, it was found out that the
equations (1), (2) and the limit conditions (35)
do not determine uniquely the asymptotic
solution of the filtration problem for # — . To

Ludmila I. Kuzmina, Yuri V. Osipov, Nikita V. Vetoshkin

obtain the asymptotics, it is necessary to use the
exact solution of the problem.

It is proved that the asymptotic solution of the
filtration problem with a a double root blocking
filtration coefficient includes terms of the form

In*#/¢". Note that in the case of a simple root
the asymptotics decreases exponentially [19].
Determination of asymptotic expansion for the
filtration coefficient with a root of multiplicity
above two requires a separate study.

In contrast to the implicit form of the exact
solution, the asymptotics of the filtration
problem is constructed in explicit form. The
explicit dependence of the suspended and
retained particles concentrations on time and
coordinate makes it possible to reduce the
amount and cost of field studies and laboratory
experiments [20, 21].
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